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Very often it is an implied paradigm of molecular magnetism that magnetic molecules in a crystal
interact so weakly that measurements of dc magnetic observables reflect ensemble properties of single
molecules. But the number of cases where the assumption of virtually non-interacting molecules does
not hold grows steadily. A deviation from the non-interacting case can especially clearly be seen in
clusters with antiferromagnetic couplings, where steps of the low-temperature magnetization curve
are smeared out with increasing intermolecular interaction. In this investigation we demonstrate
with examples in one-, two, and three space dimensions how intermolecular interactions influence
typical magnetic observables such as magnetization, susceptibility and specific heat.
PACS numbers: 75.10.Jm,75.50.Xx,75.40.Mg
I. INTRODUCTION
The statement, that the assumption of non-interacting
magnetic molecules constitutes a paradigm, is of course
exaggerated. In the more specific scientific commu-
nity which deals with magnetic molecules for quan-
tum computing the question of intermolecular (and
other unwanted) interactions is of course of utmost
importance.1–7 Also in low-dimensional magnetism the
question arises for instance in connection with dimeriza-
tion or interchain as well as interlattice interactions.8–21
Intermolecular exchange is also carefully taken care of
when designing magnetic multi-qubit devices. For these
cases the intermolecular interactions are even made
switchable.20
In this paper we would like to approach the problem
from a somewhat different perspective. We would like to
ask how big intermolecular interactions have to be in or-
der to modify dc magnetic observables so drastically that
the fingerprint of the underlying molecular subunits is
masked. We concentrate our investigations on molecules
with an antiferromagnetic intramolecular coupling. For
these cases the low-temperature magnetization curves
consist of clearly spaced steps,22 which disappear with
increasing antiferromagnetic intermolecular interaction.
Such a behavior was observed in several recent investiga-
tions, compare e.g. Refs. 23–25, and interpreted in vari-
ous ways. We don’t offer a solution to specific problems,
but we would like to present order-of-magnitude calcula-
tions that show for which ratios of inter- and intramolecu-
lar interactions magnetization steps of finite clusters dis-
appear. We demonstrate that the space dimension of the
embedding plays a strong role.
The evaluation of magnetic properties of interact-
ing magnetic molecules constitutes a massive quantum
many-body problem, even if only spin Hamiltonians are
considered. That’s why only two to three dozens of spins
s = 1/2 can be modeled numerically exactly by diag-
onalizing a spin Hamiltonian even when symmetries are
employed.26–35 But for non-frustrated spin systems quan-
tum Monte Carlo36–38 (QMC) provides quasi exact ther-
modynamic observables. We therefore restrict our inves-
tigations to a series of such systems, which should be suf-
ficient for the purpose of this paper. The clear advantage
is that we do not rely on mean field approximations.9,11,39
The result of our investigations is that single molecule
signatures are washed out in the magnetization if the in-
termolecular interactions are stronger than about 10 %
of the intramolecular interactions. The specific value de-
pends on the space dimension of the embedding, e.g. for
intermolecular interactions in three dimensions a smaller
intermolecular interaction is needed to mask the molec-
ular behavior than in lower dimensions. We compare
some of our results with the scenario of J-strain, that
sometimes is also taken into consideration for the inter-
pretation of experimental data.
Finally, we would like to draw the readers attention
to related investigations. An important related problem
is given by the influence of interchain or interplane in-
teractions on magnetic observables and in particular or-
dering temperatures in antiferromagnetic systems. Such
questions are also dealt with by means of QMC for in-
stance in Refs. 14, 16, and 19. Random-exchange quan-
tum Heisenberg antiferromagnets on a square lattice have
been investigated by QMC in Ref. 40. The influence of
the embedding medium on ground state properties of a
Heisenberg star system was investigated in Ref. 41.
The article is organized as follows. In Section II the
theoretical framework is explained. Section III presents
magnetization, susceptibility and specific heat for dimers,
squares and cubes embedded in one, two and three di-
mensions, respectively, whereas Section IV discusses the
magnetism of dimers with intermolecular interactions in
one, two and three dimensions. In Section V a compari-
son with the scenario of J-strain is presented. The article
closes with summary and outlook.
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2II. HAMILTONIAN AND CALCULATIONAL
SCHEME
The investigated spin systems are modeled by a Heisen-
berg Hamiltonian augmented with a Zeeman term, i. e.
H∼ = −
∑
i<j
Jij~s∼i · ~s∼j + gµB B
∑
i
s∼
z
i . (1)
Thermodynamic observables are evaluated by means
of quantum Monte Carlo36–38 (QMC) using the ALPS
package.42,43 The prefactors in (1) are chosen according
to the convention used in ALPS, in particular a negative
Heisenberg exchange corresponds to an antiferromagnetic
interaction. Without loss of generality s = 1/2 is chosen
as spin quantum number, and the spectroscopic splitting
factor is taken as g = 2 for all spins.
In our QMC calculations we choose N = 100 for one-
dimensional problems, N = 10 × 10 for two-dimensional
problems as well asN = 10×10×10 for three-dimensional
problems. In all cases periodic boundary conditions are
applied. For magnetization curves we use 100000 steps
for thermalization and another 100000 steps for sam-
pling. In case of susceptibility and specific heat func-
tions of temperature at B = 0 thermalization is done
with 10000000 steps and sampling with 200000000 steps.
Although we used  = 0.1 for the latter functions, con-
vergence was very slow at the lowest temperatures, which
can be seen in the upcoming plots. Fortunately, this does
not alter our conclusions.
III. MAGNETIC OBSERVABLES FOR ONE-,
TWO-, AND THREE-DIMENSIONAL
INTERMOLECULAR INTERACTIONS
(a)
(b)
FIG. 1. (Color online) Schematic structure of the one-
dimensional (a) and the two-dimensional bipartite lattice;
solid bonds depict interactions J1, dashed bonds J2.
In the following magnetic observables are presented for
small magnetic units (molecules) that are investigated in
dependence of the intermolecular interaction. These in-
vestigations have been performed for couplings in one,
two and three space dimensions. Our main concern is
the magnetization curve, since this curve usually exhibits
a very strong dependence on whether and how subunits
are magnetically coupled.22 For small systems the mag-
netization curve exhibits clear fingerprints of the specific
unit, such as magnetization steps.
We follow two rationals when comparing the behavior
in different space dimensions. In the first investigation
each spin interacts with the same number of intramolec-
ular J1 and intermolecular J2 bonds with its neighbors.
This is realized by dimers in one, squares in two and
cubes in three dimensions. In addition, the size of the
singlet-triplet gap is the same for dimer and square and
almost the same (80 %) for the cube. In a second inves-
tigation the molecular unit is kept fixed as dimers, and
the dimension of the embedding is varied.
A. One-dimensional system
One-dimensional systems have been very thoroughly
investigated over almost a century. The famous Bethe
ansatz for the spin-1/2 Heisenberg chain and the result-
ing knowledge on observables as well as the Haldane con-
jecture are cornerstones of this research.44–51 Here we fo-
cus on the question how magnetic observables develop
with an increasing intermolecular interaction J2 between
dimers that are coupled through J1, compare Fig. 1 (a).
Both interactions are antiferromagnetic. Since we deal
with four quantities, J1, J2, T , and B, we decided to
assume some reasonable values throughout the article
that are common to materials in molecular magnetism,
in particular we choose J1 = −10 K.52 In some sense
this investigation touches earlier works on dimerized (or
spin-Peierls) spin chains,53–56 which investigate similar
structures as Fig. 1 (a) but usually for a fixed ratio of
interactions J2/J1 or some small interval of this ratio.
FIG. 2. (Color online) Low-temperature magnetization of the
one-dimensional spin system shown in Fig. 1 (a) for various
interdimer couplings J2 and T = 0.1 K.
3FIG. 3. (Color online) Zero-field susceptibility and specific
heat of the one-dimensional spin system shown in Fig. 1 (a)
for various interdimer couplings J2 and B = 0. Fluctuations
of C at the lowest T result from very slow and thus insufficient
convergence.
For vanishing interdimer interaction J2 = 0 the mag-
netization curve at low temperatures features one jump
to saturation at the external field where the singlet and
the lowest triplet level cross. This simple magnetiza-
tion curve is characteristic for the af dimer of two spins
s = 1/2. The jump is rather stable against an increase of
J2; even at J2/J1 = 0.5 the curve still warps around the
former jump. For J2/J1 = 1 the limit of the af Heisenberg
chain is reached, which results in a gapless continuous rise
of the magnetization with increasing field.
The robustness of the dimer properties is also reflected
in the susceptibility as well as specific heat functions, here
in zero field. Both functions do not change their dimer
character up to at least J2/J1 = 0.5. For J2/J1 = 1
they assume their characteristic behavior known from the
Bethe ansatz: the system is gapless, and the specific heat
shows Luttinger liquid behavior, i.e. grows linearly with
T for low temperatures.
B. Two-dimensional system
For the investigations in two dimensions we chose a
square as the unperturbed molecular system. The struc-
ture is shown in Fig. 1 (b). A Heisenberg square with af
interaction shows two steps in the magnetization at fields
B1 and B2 where the lowest triplet crosses the singlet and
where the lowest pentet crosses the lowest triplet. This
is clearly visible in Fig. 4 (black solid curve).
With increasing ratio J2/J1 the step-like structure is
FIG. 4. (Color online) Low-temperature magnetization of the
two-dimensional spin system shown in Fig. 1 (b) for various
interdimer couplings J2 and T = 0.1 K.
more quickly destroyed by the intermolecular interactions
compared to the one-dimensional case. For J2/J1 = 0.1
the curve still warps around the former jumps, but for
J2/J1 = 0.5 it is already almost continuous and in
its character not much different from the magnetization
curve of the af square lattice.57–59 This behavior is not
so clearly reflected by the thermal functions. These are
again rather stable against variations of J2/J1, only the
susceptibility displays the change by a very different rise
at low-temperature. The specific heat does not display
any feature since no ordering can occur in one or two
dimensions for non-zero temperature.60
FIG. 5. (Color online) Zero-field susceptibility and specific
heat of the two-dimensional spin system shown in Fig. 1 (b)
for various interdimer couplings J2 and B = 0.
4C. Three-dimensional system
For the three-dimensional case we choose a simple cu-
bic lattice where the molecular unit is given by cubes as
sketched in Fig. 6. An isolated cube of spins s = 1/2
and af bonds along the edges shows four magnetization
steps at low temperature which result from the succes-
sive level crossings of the lowest states with total spin
S = 0, 1, 2, 3, 4. The simple cubic lattice with J2/J1 = 1
on the other hand is a system with long range order at
T > 0, a property which the lower dimensional systems
did not show in accordance with the theorem of Mermin
and Wagner.60
FIG. 6. Schematic structure of the investigated three-
dimensional bipartite lattice; solid bonds depict interactions
J1, dashed bonds J2.
FIG. 7. (Color online) Low-temperature magnetization of the
three-dimensional spin system shown in Fig. 6 for various in-
terdimer couplings J2 and T = 0.1 K.
Looking at the magnetization in Fig. 7 one immedi-
ately realizes that already a rather small intermolecular
interaction of 10 % suffices to wash out the magnetiza-
tion steps of the spin cube. It is important to keep in
mind that the cube has almost the same singlet-triplet
gap as dimer and square, so the effect is not thermal. We
thus speculate that the dimensionality of the embedding
structure, here three, is responsible for the quick dis-
appearance of the molecular fingerprints with increasing
intermolecular interaction.
FIG. 8. (Color online) Zero-field susceptibility and specific
heat of the three-dimensional spin system shown in Fig. 6 for
various interdimer couplings J2 and B = 0.
Although the magnetization is already drastically al-
tered by 10 % intermolecular interactions, the tempera-
ture dependence of the susceptibility does not show much
deviation in this case, compare Fig. 8. The same holds
for the specific heat. These functions are modified only
for larger intermolecular interactions in accord with the
one- and two-dimensional cases. The peaks of the spe-
cific heat for J2/J1 = 0.5 and J2/J1 = 1.0 mark phase
transitions to three-dimensional ordered phases – they
correspond exactly to those shown in Ref. 14.
IV. DIMERS IN VARIOUS DIMENSIONS
In a second setup we kept the molecular unit fixed
as a dimer and varied the dimension of the embedding.
The one-dimensional case remains the same. The two-
dimensional case can be derived from Fig. 1 (b) by replac-
ing all (thick) vertical J1-bonds by (dashed) J2-bonds.
For the three-dimensional case the two-dimensional lat-
tices are stacked on top of each other with J2-bonds in
between. Thus each spin is connected by one J1-bond
and one, three, and five J2-bonds for the one-, two-, and
three-dimensional case, respectively.
For the following investigation J2/J1 = 0.1 as well as
the temperature were kept constant. As can be clearly
seen in Fig. 9 the magnetization step is more strongly
washed out with increasing dimensionality. The influence
on the temperature dependence of both susceptibility as
well as specific heat is again weak, see Fig. 10.
5FIG. 9. (Color online) Low-temperature magnetization of
dimers in one-, two and three-dimensional arrangements for
J2 = 1.0 K and T = 0.1 K.
FIG. 10. (Color online) Zero-field susceptibility and specific
heat of dimers in one-, two and three-dimensional arrange-
ments for J2 = 1.0 K and T = 0.1 K.
V. COMPARISON WITH J-STRAIN
Finally, as a supplement to the presented investiga-
tions, we would like to discuss the question whether
a similar modification of observables could stem from
J-strain. The assumption of strain, for instance g-
strain, is not unusual for instance when modeling EPR
lines. J-strain, i.e. a distribution of J values about a
mean was used in several theoretical models, see e.g.
Refs. 23, 25, and 61. The effect of J-strain is rather
similar to that of intermolecular interactions: magneti-
zation steps are smeared out, and susceptibility as well
as specific heat as functions of temperature are not much
altered.
In the following we present an investigation in which
independent dimers with a flat distribution of J1-values
FIG. 11. (Color online) Low-temperature magnetization of
dimers in one-, two and three-dimensional arrangements for
J2 = 1.0 K and T = 0.1 K (dashes) compared to isolated
dimers with a J-strain of ∆ = 1.0, 3.0, 5.0 K (solid curves),
respectively.
in the interval [J¯ − ∆, J¯ + ∆] have been simulated. ∆
was chosen such, that the saturation field for the three
cases discussed in section IV is met. Figure 11 shows a
comparison of the magnetization of a single dimer (black
solid curve), of dimers with intermolecular interactions
in one, two, and three space dimensions (dashed curves)
as well as of dimers with J-strain according to the flat
distribution (solid colored curves). One immediately re-
alizes that the functional form of the magnetization curve
with J-strain is different from the behavior under the in-
fluence of intermolecular interactions. Although the sat-
uration field is met by tuning ∆ appropriately, the onset
of the magnetization curves happens already at smaller
fields. In addition, at the field value where the mag-
netization step happens for the unperturbed dimer, the
magnetization curves of dimers with J-strain cross at half
the step height whereas for intermolecular interactions
the magnetization curves cross at a lower magnetization.
Overall, the magnetization curves for J-strain are sym-
metric about the crossing field value. This would also
hold if another (more realistic, but also symmetric about
J¯) Gaussian distribution of J1 values would have been
taken. Intermolecular interactions on the contrary seem
to lead to magnetization curves, that do not show any
symmetry with respect to the original crossing field.
Figure 12 demonstrates that somewhat contrary to the
findings of section IV now the susceptibility is only very
weakly altered whereas the specific heat is more dras-
tically modified especially for the case of the largest J-
strain.
VI. SUMMARY AND OUTLOOK
We investigated the question how intermolecular inter-
actions influence magnetic observables for small (molec-
ular) magnetic units. In particular we investigated for
certain bipartite configurations how large the intermolec-
ular interaction needs to be compared to the intramolec-
ular interaction in order to mask the molecular behavior.
6FIG. 12. (Color online) Zero-field susceptibility and specific
heat of dimers in one-, two and three-dimensional arrange-
ments for J2 = 1.0 K and T = 0.1 K (dashes) compared to
isolated dimers with a J-strain of ∆ = 1.0, 3.0, 5.0 K (solid
curves), respectively.
It could be demonstrated that the various static mag-
netic observables reflect intermolecular interactions dif-
ferently: the low-temperature magnetization turned out
to be most sensitive, since the appearance of magnetiza-
tion steps appears to be fragile. In addition dimension-
ality plays a role. With increasing space dimensional-
ity of the intermolecular coupling the effect of masking
molecular properties happens for smaller intermolecular
coupling. Finally we discussed briefly whether similar
modifications of observables could be misinterpreted as
J-strain. We pointed out, that certain features of the
observables are different in the two scenarios, so that
with good quality of experimental data a discrimination
should be possible.
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